Abstract. We consider the roughness properties of NYSE (New York Stock Exchange) stock-price fluctuations. The statistical properties of the data are relatively homogeneous within the same day but the large jumps between different days prevent the extension of the analysis to large times. This leads to intrinsic finite size effects which alter the apparent Hurst (H) exponent. We show, by analytical methods, that finite size effects always lead to an enhancement of H. We then consider the effect of fat tails on the analysis of the roughness and show that the finite size effects are strongly enhanced by the fat tails.
Introduction
The dynamics and fluctuations of stock-prices is represented, at the simplest level, by a random walk which guarantees for the basic property of an efficient market.
In the past years it has become clear that one faces a rather subtle and complex form of random walk. Simple correlations of price change are indeed zero at the shortest time but many other features, often related to power law behavior have been discovered [1] . Among the most preeminent one may mention the power law distributions of returns ("fat tails") and the volatility clustering [2, 3] .
These properties, however, are far from exhaustive and other approaches have been introduced in the attempt of describing the subtle correlations of stock-price dynamics.
One of these methods is the attempt to characterize the "roughness" of the dynamics which can provide additional information with respect to the fat tails and volatility. The scaling properties of the roughness can be defined via the so called Hurst exponent H [3] . We consider the roughness problem for high frequency NYSE stock-prices.
This means that we take into account all the transactions which occur (tick by tick). properly characterize their roughness. To this purpose we use a new method to study the roughness which is able to automatically eliminate the trend problem. This is based on the deviation from a suitable moving average and it resolves various ambiguities of the Hurst approach.
The paper is organized in the following way:
In Section 2 we discuss the database for the high frequency samples. This will lead to a crucial role of finite size effects because the data are relatively homogeneous within the same day but there is a large gap in price between the closing of one day and the opening of the next day.
In Section 3 we discuss the general problem associated to the determination of the roughness via the Hurst exponent in view of the anisotropic scaling.
In Section 4 we consider the finite size effects on the roughness exponent in random walks with an analytical approach and then include also the possible effects of fat tails and correlations with Monte Carlo simulations.
In Section 5 we present the roughness analysis for s selection of NYSE stock-prices also as a function of time.
In Section 6 we critically analyze the scaling assumption in relation to the roughness and consider new tools to this purpose which eliminate the trends at all scales automatically.
In Section 7 we discuss the results and present the conclusions.
Database properties
We consider as database the price time series of all the transactions of a selection of 20 NYSE stocks. These have been selected to be representative and with intermediate The time series we consider are by a sequential order tick by tick. This is not identical to the price value as a function of physical time but we have tested that the results are rather insensitive to this choice.
The number of transactions per day ranges from 500 to 5000 implying a typical time interval between transactions of a few seconds. The density of operations within a day is characterized by a concave shape which is rather universal as shown in Fig. 1 . This means that, with respect to the physical time there are systematic density fluctuations up to a factor of two with a minimum around the center. This effect is obviously eliminated in our tick by tick time, in which physical time is not considered and we have tested that it is not relevant for the roughness properties.
A problem which is very important and rarely discussed in the literature, is the fact that the closing price of a given day is usually very different than the opening price of the next day. A typical behavior is illustrated in Fig. 2 . and it shows that these jumps are serious problem in linking the data of one day to those of the next day. This means that the data are reasonably homogeneous from the time scale of a few seconds to a few hours but going to longer times can be rather arbitrary due to these large night jumps.
In Tab. 1 we present a detailed analysis of this phe- This discussion clarifies that there is a fundamental problem in extending the data beyond a single day. Since the transactions within each day range from 500 to 3000, this leads to an important problem of finite size effects in relation to the roughness exponent. In the next section we are going to discuss these finite size effects and show tat they are strongly amplified by the fat tail phenomenon.
Roughness and Hurst exponent
The importance of a characterization of the roughness properties is clearly illustrated in The characterization of the roughness is complicated by the fact that it corresponds to a problem of anisotropic scaling [9] and it can lead to confusing results in its practical applications [10] . An example of these difficulties is illustrated by the fact that for the growth of a rough profile the Renormalization Group procedure has to be implemented in a rather sophisticated and unusual way [11] .
An illustration of this problem is also given by the fact that the value of the fractal dimension of a rough surface is crucially dependent on the type of procedure one considers [11] . The usual approach is to take the limit of small length scales for which the relation between the dimension of the profile, D, and the Hurst exponent is [9] :
However, if one consider the limit of large scales (not rigorous mathematically but often used in physics), one can get D = 1 for the Brownian profiles which does not correspond any more to Eq. (1).
In the data analysis one is forced to consider a finite interval and necessarily the two tendencies get mixed. Even 
Roughness in a finite size Random Walk
In this section we discuss the role of finite size effects in the determination of the Hurst exponent. We start by deriving some analytical results for a finite size random walk.
Consider the function:
where l = 1, 2, ..., 
where H is the Hurst exponent. Now we want to check which is the effect of the finite size in estimating the Hurst exponent. To perform this analysis we consider a random walk and try to make an analytical calculation of the function R(n).
Suppose that {δx 1 , δx 2 , ...} are independent random variables, each taking the value 1 with probability p and -1 otherwise. Consider the sums :
then the sequence x = {x i : i ≥ 0} is a simple random walk starting at the origin. Now we want to compute the expectation value of the maximum and the minimum of the walk after n steps. In order to do that consider the Spitzer's identity which relates E(M n ) to E (x 
where M n = max {x i : 0 ≥ i ≥ n} is the maximum of the walk up to time n, x + n = max {0, x n }, s and t are two auxiliary variables which absolute values are smaller than one and E is the expectation value. Considering the exponential of the Spitzer's identity and performing the n-nth derivative we obtain:
where
is the n-nth derivative of f (t) calculated in t = 0. For the derivative one can write a recursive expression:
The relation between E(M n ) and E(s Mn ) for a symmetrical probability density function can be obtained by a straightforward calculation [13] .
By substituting this expression in that of E(s Mn ) and taking the limit for s → 1:
The basic final relation is therefore [13] This enhancement can be understood by considering that, in some sense, a single step would correspond to H = 1, so the asymptotic value H = 1/2 is approached from above.
V. Alfi et al.: Roughness and Finite Size Effect in the NYSE Stock-Price Fluctuations
The random walk models considered until now have a distribution of individual steps corresponding to a Gaussian distribution or to two identical steps. Real price differences however, are characterized by a distribution of sizes which strongly deviates from these ("fat tails"). For example, if we consider the histogram of the quantity:
we find a distributions with large tails, as shown in and we have calculated the function R(n) for each sample.
After calculating the average of R(n), we have considered the plot R(n) as a function of n and the evaluation of H(n) has been performed in the region [ n 100 ;
n 10 ]. Figure   6 shows the result obtained, a comparison with a normal and a correlated random walk is also shown.
The fact that fat tails and correlations enhance the finite size effects is easy to understand. In case of correlated random walks the effective number of independent steps is strongly reduced. In the case of fat tails instead only the tails give the main contribution to the profile.
This findings could also have implications for very long times if combined with the non stationarity of the price dynamics. It should be considered the possibility that even the asymptotic regime is still altered by these effects. This could suggest a different interpretation of the deviation of H from the value 1/2, which is usually proposed in terms of long range correlations [8] .
The Fig. 6 shows the inefficiency of the Hurst exponent's approach to the study of the roughness for systems with a small size. The results are clearly affected by the effect of a finite size and the interpretation of H > 1/2 as a long range correlation could be misleading.
Analysis of NYSE stocks
First we consider the Hurst analysis for the two stocks plotted in Fig. 3 and the relative results are shown in Fig.   7 . is the average number of transactions per day. In Fig. 8 we report the time behavior of H(t) for the 80 days for the two stocks of Fig. 3 . With respect to previous analysis of the time dependence of H(t) [7] , we can observe that the daily variability of single stocks is much larger than that of global indices over long times. In addition also the average is appreciably larger. (Fig. 3) .
A general result is that the value of H is systematically larger than 1/2. The usual interpretation would be to conclude that long range correlations are present [8] . However, in view of our previous discussion we would instead propose that this deviation from 1/2 is precisely due to finite size effects, combined with the fat tail phenomenon. A further support to this interpretation is that if we built a long time series by eliminating the night jumps, one observes a convergency towards the value 1/2. Also one may note that stocks with a relatively large number of transactions per day (< N >), like for example GE stock, are much closer to the random walk value H = 1/2. The fact that apparently different profiles with respect to the roughness lead to value of H which are very similar is due to a variety of reasons. The overall enhancement with respect to the standard value 1/2 is, in our opinion, mostly due to the finite size effects phenomenon. However, this does not explain why two profiles which appear very different, like those in Fig. 3 , finally, lead to very similar values of H. This is probably due to the fact that the Hurst approach tends to mix the role of trends with fluctuations and in the next section we are going to propose a different method to resolve this problem. To complete our analysis, we consider the generalized Hurst exponent in the spirit of Ref. [14] . To this purpose we analyze a q-th order price difference correlation function defined by:
The generalized Hurst exponent H q can be defined from the scaling behavior of G q (τ ):
For a simple random walk H q = H = 1/2 independently of q. We have calculate the function G q (τ ) for the two test-stocks. The results are shown in Fig. 9 and show that H q is not a constant but strongly depends on q. This result provides an evidence that the characteristics of the profile are dominated by the large jumps due to the fat tail properties.
New approach to roughness as fluctuation from Moving Average
In this section we consider a new method to characterize the roughness. The basic idea is to be able to perform an automatic detrendization of the price signal. This can be achieved by the difference between the price variable and its moving average defined in an optimal way. At each transaction point t i we define the moving average of the price P (t i ), with a characteristic time τ , as:
where N τ are the number of transactions in the time in-
. This function corresponds to the symmetric average over an interval of size N τ around t i . One can then consider the maximum deviation of P (T i ) from P τ (t i ) over an interval of a certain size, in our case we consider a single day:
This may appear similar to the standard definition of roughness which gives the absolute fluctuation in a time interval τ . Instead the use of R τ corresponds to an automatic detrendization which appears more appropriate to study the roughness. Our approach is similar to the one of Ref. [15] , but with the difference that we use a symmetrized definition of the moving average while Ref. [15] defines the moving average only with respect to a previous time interval.
In Fig. 11 we show the values of R τ for the two stocks shown in Fig. 3 and, for comparison, the same stocks analyzed with the Hurst method. One can see that the fluctuations from the moving average are more appropriate to describe the difference between these stocks which cannot be detected with the standard Hurst approach.
Discussion and Conclusions
We have considered the roughness properties as a new el- Fig. 3 .
